The initial analyses of the next-to-leading logarithmic corrections to the BFKL kernel were very discouraging. Encouraged by the success of new methods in the analysis of the BFKL equation at full NLL accuracy we demonstrate in this talk how some of the initial conclusions were based on a breakdown of the tools used in the analysis rather than the framework itself.
Introduction
The Balitsky-Fadin-Kuraev-Lipatov 1 (BFKL) framework systematically resums the class of logarithms originating from the kinematics that dominate the total cross section in the Regge limit of scattering amplitudes, where the centre of mass energy √ŝ is large and the momentum transfer −t is fixed. In this limit the scattering of two gluons p A p B → p A ′ p B ′ will be dominated by multi-particle production leading to final states described by momenta k 0 = p A ′ , k 1 , . . . , k n , k n+1 = p B ′ satisfying
The Regge limit is therefore suitable for describing the production of multiple hard partons from e.g. gluon scattering (and in fact the large-rapidity limit of any process that includes a tchannel gluon exchange). We will in this talk focus entirely on processes within the multi-Regge kinematics of Eq. (1). In this limit the partonic cross section can be approximated bŷ
where Φ A,B are the impact factors characteristic of the particular scattering process, and f (k a , k b , ∆) is the gluon Green's function describing the interaction between two Reggeised gluons exchanged in the t-channel with transverse momenta k a,b , spanning a rapidity interval of length ∆. The leading and next-to-leading logarithmic contributions to this gluon Green's function can be resummed by solving the BFKL equation to the required accuracy
where w is the Mellin-conjugated variable to ∆, and the BFKL kernel K(k a , k + k a ) is presently known to next-to-leading logarithmic accuracy.
Solutions of the BFKL equation
The solution to integral equations of the form in Eq. (3) can be written in terms of the eigenfunctions φ i (k a ) and eigenvalues λ i as
leading to
Leading Logarithmic Accuracy
At leading logarithmic accuracy the BFKL kernel is conformal invariant, since the running of the coupling only enters at higher logarithmic orders. The eigenfunctions of the angular averaged kernel are of the form k 2 (γ−1) , γ = 1/2 + iν, which means that to this accuracy, the BFKL evolution can be solved analytically, with the transverse momentum of emitted gluons integrated to infinity, by analysing the Mellin transform of the kernel. One finds
with N being the number of colours and
Since both the eigenfunctions and eigenvalues are known, the angular averaged gluon Green's function can now be obtained according to Eq. (5) as
where
We stress that at LL the coupling is formally fixed, and so the regularisation scale is completely arbitrary. In Fig. 1 we have plotted ω LL ( 1 2 + iν) for α s = 0.2 and it is seen that there is a maximum at ν = 0. Therefore, the behaviour of the gluon Green's function in the limit of ∆ → ∞ is determined by the value of ω LL ( 1 2 ) = 4 ln 2α s N/π. A saddle point approximation based on the second order Taylor polynomial around ν = 0 will correctly describe the asymptotic exponential growth in ∆, since the polynomial attains the correct value at the maximum. + iν) and the second order Taylor polynomial around ν = 0.
Next-to-Leading Logarithmic Accuracy
When trying to extend this analysis to NLL accuracy one is immediately faced with the complications introduced by the breaking of the conformal invariance by the running coupling terms. This effect will necessarily change the eigenfunctions, and thus far the eigenfunctions for the full NLL kernel in QCD have not been constructed. Traditionally, the kernel at NLL has been studied using the projection on the Born level eigenfunctions as in Eq. (9). One finds 2
with
An approximation to the gluon Green's function at NLL can then be constructed by use of ω NLL in place of ω LL in Eq. (8) . We have in Fig. 2 plotted the real and imaginary part of ω NLL compared with ω LL for α s = 0.2. The double hump structure of the real part of ω NLL is potentially a disaster for the gluon Green's function. At asymptotically large ∆ the behaviour of the gluon Green's function is determined by the position and value of the maxima of ω NLL only. Since there are two such distinct maxima located at γ 1 = 1/2 − iν 0 , γ 2 = 1/2 + iν 0 , the asymptotic estimate of the NLL gluon Green's function based on the LL eigenfunctions will have an oscillatory behaviour in ln k a /k b . This is a problem of matching to the DGLAP evolution, and is a problem strictly outside the Regge kinematics. The initial observation of the large NLL corrections was based on the difference ω LL − ω NLL evaluated at ν = 0. Indeed, for reasonable values of the coupling, the real part of ω NLL is even negative at this point. However, this is not what determines the intercept. If indeed the solution of the BFKL equation at NLL was obtained using ω NLL of Eq. (10), then the asymptotic intercept at NLL would again be determined by the maximum value attained by the real part of ω NLL (γ) along the contour γ = 1/2 + iν. We see from Fig. 2 that this maximum value is roughly halved compared to the LL asymptotic intercept.
However, even within the Regge kinematics, this analysis leads to severe problems in the very limit, where the resummed logarithmic terms are meant to dominate the scattering matrix. The non-zero imaginary part of ω NLL ( 1 2 + iν 0 ) leads to oscillations with increasing rapidity for any choice of k a and k b ! This clearly signals a breakdown of the approach in the very limit it is meant to describe.
The solution to this apparent problem is the realisation that what one has studied with this method is indeed not the true solution to the BFKL equation at NLL. The LL eigenfunctions are not the eigenfunctions at NLL (for non-zero β 0 ). Indeed, the only contribution to the troublesome imaginary part of ω NLL (γ) for γ = 1/2 + iν stems from the term −ψ ′ (γ) + ψ(1 − γ) in Eq. (11) , which contributes to ω NLL with a factor proportional to β 0 (that is, it vanishes in the limit where the LL eigenfunctions diagonalises the NLL kernel). It was observed already in Ref. 2 that this part of the NLL corrections is the only one that is not symmetric under γ ↔ 1 − γ, and that if one expands the kernel on the LL eigenfunctions rescaled by a square root of the coupling,
then these and only these terms would disappear from Eq. (11). What was perhaps not realised is that since this is the only contribution to the imaginary part of ω NLL , this would simultaneously cure the problem of oscillations within the Regge-limit. It should be emphasised though that these rescaled functions still are not the true eigenfunctions at NLL, but it is straightforward to check numerically that the "off-diagonal elements" of ω NLL (i.e. those obtained with a different γ for k a and k in Eq. (10)) are far smaller in this case than when using the pure LL eigenfunctions. With the advance of new approaches to the solution of the BFKL equation at full NLL accuracy 3,4,5,6 it has also been possible to check explicitly how well the two approximations compare with the full solution. We find that the approximation using the rescaled LL eigenfunctions is much closer to the true solution than the one using the pure LL ones. It should be noted that a saddle point approximation based around ν = 0 would have to use an extremely large order approximation in order to describe correctly the asymptotic intercept. Even the 16th order Taylor polynomial would fail to reach the maximum value for ω NLL in Fig. 2 . It would be far better to base a saddle point approximation around ν 0 .
Using the guess obtained from these rescaled eigenfunctions it is possible to calculate the intercept as the logarithmic derivative of the gluon Green's function for fixed k a and k b , as a function of the rapidity. This is depicted on Fig. 3 . We see that although the NLL correction amounts to roughly a factor of two, it is stable. Also, it should be remembered that the study of both the LL and NLL intercept here has been performed without constraining the phase space of the BFKL resummation to such which is attainable at a given collider. The effects of such a constrain are known to be large 7,8,9,10,11,12 and reduce the LL evolution significantly (and presumably the NLL intercept to a slightly lesser extent). 
Conclusions
We have shown that the NLL corrections to the BFKL intercept are large but stable within the Regge kinematics. The instability with respect to the evolution in rapidity observed in initial analyses is a direct result of using the conformal set of leading log eigenfunctions as if they were eigenfunctions at NLL. Indeed, for β 0 = 0 this instability disappear even in this analysis, and this the case also for non-zero β 0 if one applies rescaled eigenfunctions. Although these still do not diagonalise the kernel at NLL, the results obtained using the rescaled eigenfunctions describe the full solution obtained numerically much better than the approximation obtain using just the LL eigenfunctions. In the conformal limit of β 0 = 0, where the NLL corrections can be studied exactly using the projections on the LL eigenfunctions, any modification of the NLL kernel to match better to the DGLAP region (like the ones of Ref. 13, 14 ) must move the position of the maximum of ω NLL to ν = 0 while not changing the maximum value itself significantly (since this would lead to a change in the asymptotic intercept obtained within the Regge kinematic).
